Abstract. -Lichtenbaum's complexes enable one to relate Galois cohomology to K -cohomology groups. In this paper, we consider the first terms of the HochschildSerre spectral sequence for the cohomology of these complexes, which was developped by Kahn, in the case of quotients of "big" open sets in cellular varieties. In the particular case of a faithful representation W of a finite group G over an algebraically closed field k, this yields that the group of negligible classes in the cohomology group H 3 (G; Q=Z (2)) is canonically isomorphic to the second equivariant Chow group of a point. It also implies that the unramified classes in the cohomology group (2)) come from the cohomology of G, which had been proved by Saltman when k is the field of complex numbers.
Introduction
The unramified cohomology groups were first developed by Colliot-Thélène and Ojanguren as invariants for stable rationality which generalize the unramified Brauer group. It has been used in [CTO] and [Pe1] to give new examples of unirational varieties which are not stably rational.
Unirational fields of special interest are given by Noether's problem: if G is a finite group and W a faithful representation of G over a field k, then the field of invariant functions k(W) G does not depend, up to stable equivalence, on W. The problem is to determine for which fields k and groups G the field k(W) G is stably rational. The first counter-example over C was constructed by Saltman in [Sa1] using the unramified Brauer group. Bogomolov [Bo] gave a complete description of the unramified Brauer group of the field C(W) G in terms of the cohomology of the group G.
The study of the higher unramified cohomology groups for these fields is made more complicated by the existence of negligible classes in the cohomology of finite groups which vanish when lifted to Galois groups. The first interesting results about the third unramified cohomology group for such fields have been obtained by Saltman in [Sa2] .
More precisely, he proved that this cohomology group for k = C is contained in the image of the restriction map H 3 (G; Q=Z) ! H 3 (k(W ) G ; Q=Z) and that, if H 3 (G; Q=Z) n is the kernel of this map and if G is a p-group, then there is a natural isomorphism The connection between Chow groups of codimension 2 and restriction maps in degree 3 appears also in [Pe2] , [Pe3] and [Pe4] , where we describe for any twisted (2)) ! H 3 (k(V ); Q=Z(2)) ! CH 2 (V ) tors ! 0 where k s is a separable closure of k, G = Gal(k s =k), and K i is the sheaf associated to the presheaf of Quillen's K-groups U 7 ! K i (U). This exact sequence was obtained using the work of Colliot-Thélène and Raskind on the K -cohomology (see [CTR] ) and a result of Bruno Kahn based on Lichtenbaum's complexes (see [Li1] , [Li2] , [Li3] and [Kah1] ). This sequence was also considered by Merkur 0 ev who proved in [Me] that the map j is injective.
More recently, Kahn gave in [Kah2] a direct proof of this exact sequence and a description of the unramified cohomology group of degree three of these twisted generalized flag varieties using the Hochschild-Serre spectral sequence for the hypercohomology of Lichtenbaum's complexes.
One of the purposes of this text is to show that an easy generalization of the results of Kahn enables one to state the results for generalized flag varieties and for finite groups in a uniform way.
In fact we prove that if G is a finite group, W a faithful representation of G over an algebraically closed field k of exponential characteristic p such that the complement of the open set U on which G acts freely in W has a codimension bigger than 4, then there is an exact sequence 0 ! CH 2 G (k) ! H 3 (G; Q=Z (2) H 3 (k(W ) G ; Q=Z(2)): The second section of this paper contains a partial description of the K -cohomology groups of big open sets in cellular varieties followed by an easy generalization of the results of Kahn, the third applies the previous computations to the case of finite groups and makes explicit the connection with Saltman's work and the fourth extends the results to higher degrees using the work of Voevodsky. 
Hochschild
If n = n 0 p r with (n 0 ; p) = 1, then one puts
One then defines
and if l is a prime number
If F is one of the above complex of étale sheaves, we put H i 
where CH 2 G (X), the equivariant Chow group of X, coincides with CH 2 (V ).
( [Kah2, remark, page 397] ).
(ii) The assumption that k is perfect is only needed for the p-part of the results.
Before proving this theorem, we give an example.
Example 2.3.1. -Let V be a generalized flag variety, that is a projective variety over k which is homogeneous under the action of a connected linear algebraic group G and such that the stabilizer of a point of V (k s ) is a standard parabolic subgroup of G s . Then Bruhat's decomposition yields a cellular decomposition of V over any Galois extension k 0 of k splitting the group G and over which V has a rational point.
Moreover it yields a basis of Pic V s which is globally invariant under the action of the Galois group of k. We get the following exact sequence H 1
where G = Gal(k s =k). This sequence has been studied with more details in [Pe4] where it was obtained using results of Colliot-Thélène and Raskind [CTR] and Kahn [Kah1] .
In section 3 we shall study the applications of theorem 2.3.1 to negligible classes and unramified cohomology. We now turn to its proof.
Proof of theorem 2.3.1. -
The Hochschild-Serre spectral sequence for Lichtenbaum's complexes was described and used by Kahn in [Kah1] and [Kah2] . We use it in a slightly more general setting.
For any smooth connected variety X over k we consider Lichtenbaum's complex ?(2) = (?(2; X) i ) i2Z (see [Li1] , [Li2] and [Li3] ). By [Kah2, theorem 1.1] the hypercohomology groups of these complexes are given by
where cl 2 X is the divisible cycle class map CH 2 X Q=Z ! H 4 ét (X; Q=Z (2)) and there is an exact sequence
As in [Mi, theorem III.2.20] and [Kah2] we get a Hochschild-Serre spectral sequence for these hypercohomology groups
By [MS2] , the canonical map If n is prime to p there is an exact sequence [MS1, theorem 11.5], [S] , [Le] 
Therefore the prime to p part of the spectral sequence yields an exact sequence
where the 0 means that we consider only the prime to p part of the groups. On the other hand, by [MS2] , the p-part of K 3 (k s ) ind is uniquely divisible and by BlochKato theorem the p-part of the spectral sequence yields a similar exact sequence for the p-parts of the group. So we get an exact sequence
Moreover, since k is perfect, by Bloch-Ogus spectral sequence [BO] , and the corresponding one for W r j X;log ?j] [GS, theorem 1.4] (2)). (2)) coincides with the cycle class map defined as the composite map
(ii) The injectivity of this map follows from [MS1, corollary 18.3] .
Proof. -First of all, as it was pointed out by Serre, the group of totally k-negligible classes in H 3 (G; Q=Z (2) Let us now compare this result with the corresponding one of Saltman. We first recall the definition of the groups considered by Saltman. In order to prove this proposition, we first need to prove that the canonical morphism G is compatible with corestriction and cup-product. 
By lemma 3.1.6 we get an isomorphism
It remains to prove that
Since G is a l-group, it has a subgroup of index l and since the composite map Cores G H Res H G coincides with the multiplication by G : H], we get that l CH 2 G C is contained in both sides of (3.1.3). Also if Y in W (2) is not G-invariant then the class of its orbit is the image of the class of Y in CH 2 Stab G Y (C) C by the corestriction. Therefore the group CH 2 G (C) p is generated by l CH 2 G (C) and the G-orbits in W (1) which are not reduced to one element. Thus the quotient CH 2 G (C)= CH 2 G (C) c may be described as the quotient of the F l -vector spaceF l with basis the elements of W (2) G by the subspaceR l generated by divisors of functions in C(Y ) G where
The image of CH 2 G (C) p in this group coincides with the image of Pic G C Pic G C which is generated by products y] z] with y and z in W (1) G . Moreover one has that Pic G C e ?! Pic U 2 ==G:
Therefore one may assume that y is the inverse image of an element y 0 in W 0 2 (1) by the first projection W ! W 0 2 whereas z comes from an element z 0 by the second one. Since the map C(W 0 2 ) ! Div(W 0 2 ) is surjective, z 0 is defined by a function f on W 0 2 and y:z is given as the divisor of the function f pr 2 restricted to y. Since z is G-invariant, one has 8g 2 G; g f=f 2 C and the map G ! C g 7 ! g f=f is a morphism. Therefore (f pr 2 ) jGj 2 C(Y ) G . We get that the image of the group CH 2 G (Spec C) p inF l =R l is contained in
Conversely, let Y belong to (W (1) ) G and f be a function on Y such that 9n 2 Z >0 ; f n 2 C(Y ) G then 8g 2 G; g f=f 2 Q=Z (1) and it defines an element of H 1 (G; Q=Z(1)): Let Z 0 in Div(W 0 2 ) represent the corresponding element of the group Pic G C and h 0 in C(W 0 2 ) be such that Div h 0 = Z 0 :
We may choose and in C so that the divisor of h = h 0 pr 1 + h 0 pr 2 intersects properly with Y . By construction we have that 8g 2 G; ( g h=h) jY = g f=f and therefore
Then the image of Div f inF l =R l coincides with the one of h jY which is the image of the product Div h:y and we get that
as wanted.
Example 3.1.1. -If G is an F l -vector space with l 6 = 2 by [Bro, page 60] (2)) and this implies the corollary.
Application of Voevodsky's motivic complexes
In this section, we want to generalize the results of the previous sections to the fourth and fifth cohomology groups using the Hochschild-Serre and coniveau spectral sequences for Voevodky's étale complexes Z(3) and Z(4) [Vo3, §2.1] .
Let us first recall a few facts about the coniveau spectral sequence. 
Let be the canonical morphism from the big étale site to the big Zariski one. Then there is a Leray spectral sequence (see [Mi, theorem III.1.18 ])
is the Zariski sheaf corresponding to the presheaf H q ét (Z(n)) given by U 7 ! H q ét (U; Z(n)): Indeed, by [Mi, proposition III.1.13] , this sheaf coincides with R q Z(n) ét . Using [Vo2, §3.3] and the proof of [Vo1, theorem 5 .3], we get that H q ét (Z(n)) has a canonical structure of homotopy invariant pretheory and by [Vo1, proposition 4.26] this is also the case of H q ét (Z(n)) (see also [Vo3, page 10] 
But for any positive m there is a distinguished triangle
yielding for any field K a long exact sequence and an exact sequence H n ét (F; Z (2) (n)) ?! H n (G; Q 2 =Z 2 (n)) ! H n+1 ét (U==G; Z (2) (n)) ! 0:
But the first group is divisible and the second killed by #G, therefore is trivial.
4.3. Equivariant K -cohomology. -The following proposition is classical (see [To, §1] Before proving this proposition let us recall a result of Rost:
